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WEIGHTED COMPOSITION OPERATORS FROM H∞ TO THE
BLOCH SPACE IN THE UNIT BALL OF Cn
JUNTAO DU AND SONGXIAO LI†
ABSTRACT. The boundedness and compactness of weighted composi-
tion operators from H∞ to the Bloch space in the unit ball of Cn are in-
vestigated in this paper. In particular, some new characterizations for the
boundedness and the essential norm of weighted composition operators
are given.
Keywords: Weighted composition operator, H∞, Bloch space, essential
norm.
1. INTRODUCTION
Let B be the open unit ball of Cn and ∂B the boundary of B. When n = 1,
B is the open unit disk D in the complex plane. Let H(B) denote the space
of all holomorphic functions on B. For f ∈ H(B), the radial derivative and
complex gradient of f at zwill be denoted by R f (z) and ∇ f (z), respectively.
That is,
R f (z) =
n∑
j=1
z j
∂ f
∂z j
(z), and ∇ f (z) =
( ∂ f
∂z1
(z),
∂ f
∂z2
(z), · · · ,
∂ f
∂zn
(z)
)
.
An f ∈ H(B) is said to belong to the Bloch space, denoted by B = B(B),
if
‖ f ‖β := sup
z∈B
(1 − |z|2)|R f (z)| < ∞.
The space B is a Banach space with the norm ‖ f ‖B = | f (0)| + ‖ f ‖β. From
[17], we see that ‖ f ‖β ≈ supz∈B(1−|z|
2)|∇ f (z)|. In [13], Timoney proved that
‖ f ‖β ≈ sup
{
|〈∇ f (z), v〉|
Hz(v, v)
1
2
: z ∈ B, v ∈ Cn\{0}
}
. (1)
Here Hz(v, v) is the Bergman metric defined by
Hz(v, v) =
n + 1
2
(1 − |z|2)|v|2 + |〈v, z〉|2
(1 − |z|2)2
, z ∈ B, v ∈ Cn\{0}.
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See [17] for more information of the Bloch space B on the unit ball.
We use H∞ to denote the space of bounded holomorphic functions in B.
That is, f ∈ H∞ if and only if f ∈ H(B) and
‖ f ‖∞ := sup
z∈B
| f (z)| < ∞.
It is well known that H∞ is a Banach space and a subset of B. Moreover
(see [17]),
‖ f ‖B ≤ ‖ f ‖∞. (2)
Let u ∈ H(B) and ϕ(z) = (ϕ1(z), ϕ2(z), · · · , ϕn(z)) be a holomorphic self-
map of B. The weighted composition operator, denoted by uCϕ, is defined
by
(uCϕ f )(z) = u(z) f (ϕ(z)), f ∈ H(B).
When u = 1, uCϕ is the composition operator, denoted byCϕ. It is important
to give function theoretic description of when u and ϕ induce a bounded
or compact weighted composition operator on various function spaces (see
[2]).
In the setting of the unit disk, it is well known that the operator Cϕ is
bounded on B for any analytic self-map ϕ in D by Schwarz-Pick Lemma.
The compactness of the composition operator on B was characterized in
[9]. In [15], Wulan, Zheng and Zhu showed that Cϕ is compact on B if and
only if lim
k→∞
‖ϕk‖B = 0. This method has been used to describe the bound-
edness and compactness of uCϕ on some function spaces, see [1, 3, 4, 8]
for example. In [10], Ohno characterized the boundedness and compact-
ness of the operator uCϕ : H
∞ → B. Colonna, motivated by [15], gave
another characterization for the boundedness and compactness of the oper-
ator uCϕ : H
∞ → B in [1]. Hu, Li and Wulan, based on the work of Ohno
and Colonna, gave some estimates for the essential norm of the operator
uCϕ : H
∞ → B in [4]. Moreover, they gave a new characterization for the
boundedness and compactness of uCϕ : H
∞ → B in [4].
In the setting of the unit ball, Shi and Luo studied composition operators
on the Bloch space in [12]. In [3], Dai gave several new characterizations
for the compactness of the composition operator on the Bloch space, which
extended the main result in [15] to the unit ball. Li and Stevic´ characterized
the boundedness and compactness of uCϕ : H
∞ → B in [7] (see [6] for
the setting of polydisk). Zhang and Chen gave two characterizations of the
boundedness and compactness of uCϕ : H
∞ → B in [16]. For example,
they showed that uCϕ : H
∞ → B is bounded if and only if u ∈ B and
sup
z∈B
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) < ∞.
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In this paper, motivated by [4] and [16], we investigate the boundedness,
compactness and essential norm of uCϕ : H
∞ → B on the unit ball. That is,
we will give some new characterizations for the boundedness, compactness
and essential norm of uCϕ : H
∞ → B. These extend the results in [4] to the
unit ball. Moreover, the method we used here is completely different from
[4].
Recall that the essential norm of a bounded linear operator T : X →
Y , denoted by ‖T‖e,X→Y , is defined as the distance from T to the space of
compact operators from X to Y . That is,
‖T‖e,X→Y = inf{‖T − K‖X→Y : K is a compact operator from X to Y}.
Constants are denoted by C, they are positive and may differ from one
occurrence to the next. We say that A . B if there exists a constant C such
that A ≤ CB. The symbol A ≈ B means that A . B . A.
2. BOUNDEDNESS OF uCϕ : H
∞ → B
Before we state the main result and the proof in this section, we state
some notations and preliminary results. Let ϕ′(z) be the Jacobian matrix of
ϕ, that is
ϕ′(z) =

∂ϕ1
∂z1
∂ϕ1
∂z2
· · ·
∂ϕ1
∂zn
∂ϕ2
∂z1
∂ϕ2
∂z2
· · ·
∂ϕ2
∂zn
· · · · · · · · · · · ·
∂ϕn
∂z1
∂ϕn
∂z2
· · ·
∂ϕn
∂zn

.
Therefore
∇( f (ϕ(z))) = (∇ f )(ϕ(z))ϕ′(z), and R( f (ϕ(z))) = (∇ f )(ϕ(z))ϕ′(z)z.
Here and henceforth, we do not distinguish the row vector and column vec-
tor, that is, we always admit the vectors have the proper forms in the ex-
pressions.
For a ∈ B\{0}, the automorphism of B is defined by
φa(z) =
a − Paz − saQaz
1 − 〈z, a〉
, z ∈ B,
where sa =
√
1 − |a|2,
Paz =
〈z, a〉
|a|2
a, Qaz = z −
〈z, a〉
|a|2
a, z ∈ B.
When a = 0, set φa(z) = −z. Let φa(z) = (φa,1(z), φa,2(z), · · · , φa,n(z)). We
have
{φa,i(z)}
n
i=1 ⊂ H
∞, and
n∑
i=1
|φa,i(z)|
2 < 1.
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Lemma 1. [3, Lemma 2.1] Let a ∈ B\{0}. Then
|φa(z) − a| =
√
(1 − |a|2)(|z|2 − |〈z, a〉|2)
|1 − 〈z, a〉|
and
|φ′a(a)z| =
√
(1 − |a|2)|z|2 + |〈z, a〉|2
1 − |a|2
.
Lemma 2. [5] Let u, f ∈ H(B). Then
RIu( f )(z) = u(z)R f (z), RJu( f )(z) = Ru(z) f (z), z ∈ B.
Here
Iu( f )(z) =
∫ 1
0
u(tz)(R f )(tz)
dt
t
, Ju( f )(z) =
∫ 1
0
(Ru)(tz) f (tz)
dt
t
.
Theorem 1. Suppose u ∈ H(B) and ϕ is a holomorphic self-map of B. Then
the following statements are equivalent.
(i) uCϕ : H
∞ → B is bounded.
(ii) u ∈ B and
M1 := sup
k∈N
sup
ξ∈∂B
‖u〈ϕ, ξ〉k‖β < ∞.
(iii) u ∈ B and
M2 := sup
z∈B
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) < ∞.
(iv) u ∈ B and
M3 := sup
1≤i≤n
sup
w∈B
‖uCϕφϕ(w),i‖β < ∞.
(v) u ∈ B and
M4 := sup
k∈N
sup
ξ∈∂B
‖Iu(〈ϕ, ξ〉
k)‖β < ∞.
Proof. Obviously, uCϕ : H
∞ → B is bounded if and only if
‖uCϕ f ‖β . ‖ f ‖∞, ∀ f ∈ H
∞.
(i)⇒ (ii). This implication is obvious since ‖ fk,ξ‖∞ = 1. Here and hence-
forth, fk,ξ(z) = 〈z, ξ〉
k, z ∈ B, ξ ∈ ∂B.
(ii)⇒ (iii). When k ≥ 1, since
R( fk,ξ ◦ ϕ)(z) = k〈ϕ(z), ξ〉
k−1〈ϕ′(z)z, ξ〉
and
|R(uCϕ fk,ξ)(z)| ≥ |u(z)||R( fk,ξ ◦ ϕ)(z)| − |Ru(z)|| fk,ξ(ϕ(z))|,
we obtain
sup
z∈B
sup
k∈N
sup
ξ∈∂B
k(1 − |z|2)|u(z)|
∣∣∣〈ϕ(z), ξ〉k−1〈ϕ′(z)z, ξ〉∣∣∣ ≤ 2M1. (3)
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After a calculation, we have
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) .
 (1 − |ϕ(z)|
2)
1
2 |ϕ′(z)z|
1 − |ϕ(z)|2
+
|〈ϕ′(z)z, ϕ(z)〉|
1 − |ϕ(z)|2
 . (4)
Let ξi be the vector in which the i-th component is 1 and the others are 0,
i = 1, 2, · · · , n. By letting k = 1, from (3), we have
sup
z∈B
(1− |z|2)|u(z)||ϕ′(z)z| = sup
z∈B
(1− |z|2)|u(z)|

n∑
i=1
|〈ϕ′(z)z, ξi〉|
2

1
2
. M1. (5)
When |ϕ(z)| ≤ 1
2
, from (4) we have
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) . (1 − |z|
2)|u(z)||ϕ′(z)z|.
Therefore,
sup
|ϕ(z)|≤ 1
2
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) . M1. (6)
Next, we will prove that
sup
|ϕ(z)|> 12
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) . M1. (7)
Assume that there exists k ∈ N such that k ≥ 3 and 1 − 1
k−1
≤ |ϕ(z)| < 1 − 1
k
.
It is easy to see that
|ϕ(z)|2(k−1) ≈ 1, and k(1 − |ϕ(z)|2) ≈ 1. (8)
Therefore, by letting τ = ϕ(z), we have
|〈ϕ′(z)z, ϕ(z)〉|
1 − |ϕ(z)|2
≈ k|〈ϕ(z), τ〉|k−1|〈ϕ′(z)z, τ〉|. (9)
By (3), we get
sup
1− 1
k−1
≤|ϕ(z)|<1− 1
k
(1 − |z|2)|u(z)||〈ϕ′(z)z, ϕ(z)〉|
1 − |ϕ(z)|2
. M1
and hence
sup
|ϕ(z)|> 1
2
(1 − |z|2)|u(z)||〈ϕ′(z)z, ϕ(z)〉|
1 − |ϕ(z)|2
. sup
k≥3
sup
1− 1
k−1
≤|ϕ(z)|<1− 1
k
(1 − |z|2)|u(z)||〈ϕ′(z)z, ϕ(z)〉|
1 − |ϕ(z)|2
. M1. (10)
By projection theorem, there exists a η(z) ∈ ∂B such that 〈ϕ(z), η(z)〉 = 0.
Then
ϕ′(z)z = pϕ(z) + qη(z), (11)
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where
p =
〈ϕ′(z)z, ϕ(z)〉
|ϕ(z)|2
, q = 〈ϕ′(z)z, η(z)〉.
Since |ϕ(z)| > 1
2
, we get
|ϕ′(z)z|2 ≤ 4|〈ϕ′(z)z, ϕ(z)〉|2 + |〈ϕ′(z)z, η(z)〉|2. (12)
Let ζ(z) = ϕ(z) +
√
1 − |ϕ(z)|2η(z). By (11), we have
|ζ(z)| = 1, 〈ϕ(z), ζ(z)〉 = |ϕ(z)|2, (13)
and
〈ϕ′(z)z, ζ(z)〉 = 〈ϕ′(z)z, ϕ(z)〉 +
√
1 − |ϕ(z)|2〈ϕ′(z)z, η(z)〉.
Then, √
1 − |ϕ(z)|2|〈ϕ′(z)z, η(z)〉| ≤ |〈ϕ′(z)z, ϕ(z)〉| + |〈ϕ′(z)z, ζ(z)〉|. (14)
From (12), (14) and (10), we obtain
(1 − |z|2)|u(z)|
|ϕ′(z)z|√
1 − |ϕ(z)|2
. (1 − |z|2)|u(z)|
|〈ϕ′(z)z, ϕ(z)〉| + |〈ϕ′(z)z, η(z)〉|√
1 − |ϕ(z)|2
. (1 − |z|2)|u(z)|
|〈ϕ′(z)z, ϕ(z)〉| + |〈ϕ′(z)z, ζ(z)〉|
1 − |ϕ(z)|2
(15)
. M1 + (1 − |z|
2)|u(z)|
|〈ϕ′(z)z, ζ(z)〉|
1 − |ϕ(z)|2
.
By (8), (13) and (3), we have
(1 − |z|2)|u(z)|
|〈ϕ′(z)z, ζ(z)〉|
1 − |ϕ(z)|2
≈ k(1 − |z|2)|u(z)||ϕ(z)|2(k−1)|〈ϕ′(z)z, ζ(z)〉|
= k(1 − |z|2)|u(z)||〈ϕ(z), ζ(z)〉|k−1|〈ϕ′(z)z, ζ(z)〉| (16)
. M1.
Therefore, we have
sup
|ϕ(z)|> 1
2
(1 − |z|2)|u(z)|(1 − |ϕ(z)|2)
1
2 |ϕ′(z)z|
1 − |ϕ(z)|2
. M1. (17)
By (4, (10) and (17), we get (7). From (6) and (7), we see that (iii) holds.
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(iii)⇒ (i). Let f ∈ H∞. From (1) and (2), we have
‖uCϕ f ‖β
≤ (1 − |z|2)|Ru(z)|| f (ϕ(z))| + (1 − |z|2)|u(z)| |(∇ f )(ϕ(z))ϕ′(z)z|
≤ ‖u‖β‖ f ‖∞ + (1 − |z|
2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
|(∇ f )(ϕ(z))ϕ′(z)z|√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
. ‖u‖β‖ f ‖∞ + M2‖ f ‖β
. ‖u‖β‖ f ‖∞ + M2‖ f ‖∞.
So uCϕ : H
∞ → B is bounded.
(iv)⇒ (i). Suppose (iv) holds. For all w ∈ B, by Lemma 1, we have√
2
n + 1
√
Hϕ(w)(ϕ′(w)w, ϕ′(w)w) =
∣∣∣φ′ϕ(w)(ϕ(w))ϕ′(w)w∣∣∣
=

n∑
i=1
∣∣∣R(φϕ(w),i ◦ ϕ)(w)∣∣∣2

1
2
.
n∑
i=1
∣∣∣R(φϕ(w),i ◦ ϕ)(w)∣∣∣ .
Since |φϕ(w)(z)| < 1, we obtain
(1 − |w|2)|u(w)|
√
Hϕ(w)(ϕ′(w)w, ϕ′(w)w)
.
n∑
i=1
(
1 − |w|2)|u(w)||R(φϕ(w),i ◦ ϕ)(w)
∣∣∣
.
n∑
i=1
(
‖uCϕφϕ(w),i‖β + (1 − |w|
2)|Ru(w)||(φϕ(w),i ◦ ϕ)(w)|
)
(18)
. M3 + ‖u‖β.
Then (iii) holds. So (i) holds.
(i)⇒ (iv). This implication is also obvious since ‖φϕ(w),i‖∞ ≤ 1.
(v)⇔ (ii). By u ∈ B and Lemma 2, we have
(1 − |z|2)|R(Ju( fk,ξ ◦ ϕ))(z)| ≤ (1 − |z|
2)|Ru(z)| ≤ ‖u‖β
and
R(uCϕ fk,ξ)(z) = R(Iu( fk,ξ ◦ ϕ))(z) + R(Ju( fk,ξ ◦ ϕ))(z). (19)
Using triangle inequality, we can get the desired result. The proof is com-
plete. 
Remark 1. In [16], the equivalence of (i) and (iii) was proved in a different
way.
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3. THE ESSENTIAL NORM OF uCϕ : H
∞ → B
To study the essential norm of uCϕ : H
∞ → B, we need the following
lemmas.
Lemma 3. [14, Lemma 2.10] Suppose T : H∞ → B is linear and bounded.
Then T is compact if and only if whenever { fk}
∞
k=1
is bounded in H∞ and
fk → 0 uniformly on compact subsets of B, lim
k→∞
‖T fk‖B = 0.
Lemma 4. Suppose 0 < r, s < 1 and f ∈ H(B). For all |z| ≤ s,
|∇ f (z)| ≤
2n
1 − s
max
|z|≤ 1+s
2
| f (z)| and | f (z) − f (rz)| ≤
2n(1 − r)
1 − s
max
|z|≤ 1+s
2
| f (z)|.
Proof. Since f ∈ H(B),
∂ f
∂z j
∈ H(B)( j = 1, 2, · · · , n). For all |z| ≤ s, let
Γz, j,s = {η ∈ D; |η − z j| =
1−s
2
}, and
z j,s(η) = (z1, · · · , z j−1, η, z j+1, · · · , zn), η ∈ Γz, j,s.
Since |z j,s(η)| ≤
1+s
2
, we get∣∣∣∣∣∣
∂ f
∂z j
∣∣∣∣∣∣ =
1
2pi
∣∣∣∣∣∣
∫
Γz, j,s
f (z j,s(η))
(η − z j)2
dη
∣∣∣∣∣∣ ≤
2
1 − s
max
|z|≤ 1+s
2
| f (z)|.
Hence |∇ f (z)| ≤ 2n
1−s
max
|z|≤ 1+s
2
| f (z)|. When |z| < s,
| f (z) − f (rz)| =
∣∣∣∣∣∣
∫ 1
r
d f (tz)
dt
dt
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫ 1
r
〈(∇ f )(tz), z〉dt
∣∣∣∣∣∣
≤ (1 − r) sup
|z|≤s
|∇ f (z)| ≤
2n(1 − r)
1 − s
max
|z|≤ 1+s
2
| f (z)|.
The proof is complete. 
Theorem 2. Suppose u ∈ H(B) and ϕ is a holomorphic self-map of B. If
uCϕ : H
∞ → B is bounded, then
‖uCϕ‖e,H∞→B ≈ Q1 + Q2 ≈ Q1 + Q3 ≈ Q1 + Q4 ≈ Q5 + Q6.
Here
Q1 = lim sup
|ϕ(z)|→1
(1−|z|2)|Ru(z)|, Q2 = lim sup
|ϕ(z)|→1
(1−|z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z),
Q3 = lim sup
k→∞
sup
ξ∈∂B
‖u〈ϕ, ξ〉k‖β, Q4 = lim sup
|ϕ(w)|→1
n∑
i=1
‖uCϕφϕ(w),i‖β,
Q5 = lim sup
k→∞
sup
ξ∈∂B
‖Iu〈ϕ, ξ〉
k‖β, Q6 = lim sup
k→∞
sup
ξ∈∂B
‖Ju〈ϕ, ξ〉
k‖β.
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Proof. Since uCϕ : H
∞ → B is bounded, by Theorem 1, we have u ∈ B and
max
1≤i≤6
Qi < ∞.
When sup
z∈B
|ϕ(z)| < 1, it is easy to see that uCϕ : H
∞ → B is compact by
Lemmas 3 and 4. In this case, these asymptotic relations vacuously hold.
Hence we only consider the case supz∈B |ϕ(z)| = 1.
First we prove that
Q1 + Q2 & ‖uCϕ‖e,H∞→B.
Let ft(z) = f (tz), for f ∈ H(B) and t ∈ (0, 1). Suppose r, s ∈ (
1
2
, 1). For any
f ∈ H∞ with ‖ f ‖∞ ≤ 1, we have
‖(uCϕ − uCrϕ) f ‖β ≤ sup
|ϕ(z)|≤s
G1 + sup
s<|ϕ(z)|<1
G1 + sup
|ϕ(z)|≤s
G2 + sup
s<|ϕ(z)|<1
G2,
where
G1 = (1−|z|
2)|Ru(z)||( f ◦ ϕ− fr ◦ ϕ)(z)|, G2 = (1−|z|
2)|u(z)||R( f ◦ ϕ− fr ◦ ϕ)(z)|.
By Lemma 4, we have
sup
|ϕ(z)|≤s
G1 ≤
2n(1 − r)
1 − s
‖u‖β, sup
s<|ϕ(z)|<1
G1 ≤ 2 sup
s<|ϕ(z)|<1
(1 − |z|2)|Ru(z)|, (20)
and
sup
|ϕ(z)|≤s
G2 ≤ sup
|ϕ(z)|≤s
(1 − |z|2)|u(z)||(∇( f − fr))(ϕ(z))||ϕ
′(z)z|
≤
2n
1 − s
sup
|ϕ(z)|≤ 1+s
2
| f (ϕ(z)) − f (rϕ(z)| sup
|ϕ(z)|≤s
(1 − |z|2)|u(z)||ϕ′(z)z|
≤
8n2(1 − r)
(1 − s)2
sup
|ϕ(z)|≤s
(1 − |z|2)|u(z)||ϕ′(z)z|.
From (5), we have
sup
|ϕ(z)|≤s
G2 .
1 − r
(1 − s)2
M1. (21)
By (1) and (2), we have
sup
s<|ϕ(z)|<1
G2
≤ sup
s<|ϕ(z)|<1
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
|(∇ f )(ϕ(z))ϕ′(z)z|√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
+ sup
s<|ϕ(z)|<1
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
|(∇ fr)(ϕ(z))ϕ
′(z)z|√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
. (‖ f ‖β + ‖ fr‖β) sup
s<|ϕ(z)|<1
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
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. sup
s<|ϕ(z)|<1
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z). (22)
It is obvious that
lim
r→1
|(uCϕ − uCrϕ)(0)| = 0. (23)
Letting r → 1, by (20)-(23), we have
‖uCϕ‖e,H∞→B
≤ lim sup
r→1
‖uCϕ − uCrϕ‖H∞→B
. sup
s<|ϕ(z)|<1
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) + sup
s<|ϕ(z)|<1
(1 − |z|2)|Ru(z)|.
Here we used the fact that uCrϕ : H
∞ → B is compact. Letting s → 1, we
get the desired result.
Next we prove that
Q1 + Q3 & Q1 + Q2.
Similar to the proof of Theorem 1, we assume that there exists k ∈ N such
that k ≥ 3 and 1 − 1
k−1
≤ |ϕ(z)| < 1 − 1
k
. From (9), we have
|〈ϕ′(z)z, ϕ(z)〉|
1 − |ϕ(z)|2
. sup
ξ∈∂B
k|〈ϕ(z), ξ〉k−1||〈ϕ′(z)z, ξ〉|.
From (15) and (16), we have
(1 − |z|2)|u(z)|
|ϕ′(z)z|
(1 − |ϕ(z)|2)
1
2
. sup
ξ∈∂B
k(1 − |z|2)|u(z)||〈ϕ(z), ξ〉|k−1|〈ϕ′(z)z, ξ〉|.
From (4), we have
(1 − |z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z)
. sup
ξ∈∂B
k(1 − |z|2)|u(z)||〈ϕ(z), ξ〉|k−1|〈ϕ′(z)z, ξ〉|
≤ sup
ξ∈∂B
‖u〈ϕ, ξ〉k‖β + (1 − |z|
2)|(Ru)(z)|.
By letting |ϕ(z)| → 1, we have Q1+Q3 & Q2, i.e., we get Q1+Q3 & Q1+Q2.
Now we prove that
‖uCϕ‖e,H∞→B & Q1 + Q3.
Suppose K : H∞ → B is compact. For any ε > 0, there exists {ξk}
∞
k=0
⊂ ∂B,
such that
‖u〈ϕ, ξk〉
k‖β ≥ sup
ξ∈∂B
‖u〈ϕ, ξ〉k‖β − ε.
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Let hk(z) = 〈z, ξk〉
k. Thus ‖hk‖∞ ≤ 1 and converges to 0 uniformly on com-
pact subsets of B. Then lim
k→∞
‖Khk‖B = 0. Since
‖uCϕ − K‖H∞→B ≥ ‖(uCϕ − K)hk‖B
≥ ‖uCϕhk‖β + |u(0)hk(ϕ(0))| − ‖Khk‖B,
we have
‖uCϕ − K‖H∞→B ≥ lim sup
k→∞
‖uCϕhk‖β ≥ lim sup
k→∞
sup
ξ∈∂B
‖u〈ϕ, ξ〉k‖β − ε.
Because K and ε are arbitrary, we obtain ‖uCϕ‖e,H∞→B ≥ Q3.
Let {ηk}
∞
k=1
⊂ ∂B such that Q1 = lim
k→∞
(1−|ηk|
2)|Ru(ηk)| and lim
k→∞
|ϕ(ηk)| = 1.
Let
gk(z) =
2(1 − |ϕ(ηk)|
2)
1 − 〈z, ϕ(ηk)〉
−
(
1 − |ϕ(ηk)|
2
1 − 〈z, ϕ(ηk)〉
)2
.
Then {gk} is bounded in H
∞ and converges to 0 uniformly on compact
subsets of B. Moreover, we have gk(ϕ(ηk)) = 1 and (Rgk)(ϕ(ηk)) = 0. If
K : H∞ → B is compact, we have
‖uCϕ − K‖H∞→B & (1 − |ηk|
2)|(R(uCϕgk))(ηk)| − ‖Kgk‖B
= (1 − |ηk|
2)|Ru(ηk)| − ‖Kgk‖B.
Letting k → ∞, we have ‖uCϕ − K‖H∞→B & Q1. Since K is arbitrary, we get
‖uCϕ‖e,H∞→B & Q1,
as desired.
Next we prove that
‖uCϕ‖e,H∞→B ≈ Q1 + Q4.
Suppose K : H∞ → B is compact and 1 ≤ i ≤ n. Let {wk}
∞
k=1
⊂ B such that
lim
k→∞
|ϕ(wk)| = 1 and
lim
k→∞
‖uCϕφϕ(wk),i‖β = lim sup
|ϕ(w)|→1
‖uCϕφϕ(w),i‖β.
By Lemma 1, {φϕ(wk),i − ϕi(wk)} is bounded in H
∞ and converges to 0 uni-
formly on compact subset of B. By Lemma 3,
‖uCϕ − K‖H∞→B & lim sup
k→∞
‖(uCϕ − K)(φϕ(wk ),i − ϕi(wk))‖β
≥ lim sup
k→∞
‖uCϕφϕ(wk),i‖β − lim sup
k→∞
‖uCϕϕi(wk)‖β
− lim sup
k→∞
‖K(φϕ(wk ),i − ϕi(wk))‖β
≥ lim sup
|ϕ(w)|→1
‖uCϕφϕ(w),i‖β − Q1.
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Since K is arbitrary, we have ‖uCϕ‖e,H∞→B & Q4 −Q1. Since ‖uCϕ‖e,H∞→B &
Q1, we get
‖uCϕ‖e,H∞→B & Q1 + Q4.
From (18), we have Q1 + Q4 & Q2. So
Q1 + Q4 & Q1 + Q2 & ‖uCϕ‖e,H∞→B,
as desired.
Finally, we prove that
Q5 + Q6 ≈ Q3 + Q1.
From (19), we have Q3 ≤ Q5 + Q6, and Q5 ≤ Q6 + Q3. By Lemma 2,
Q6 ≤ Q1. So
Q5 + Q6 . Q1 + Q3.
Suppose {zk}
∞
k=1
⊂ B such that lim
k→∞
(1−|zk|)|(Ru)(zk)| = Q1 and lim
k→∞
|ϕ(zk)| =
1. From the fact that
(1 − |zk|)|(Ru)(zk)| ≈ (1 − |zk|)|(Ru)(zk)|ϕ(zk)|
2k
≤ ‖Ju fk,ϕ(zk)‖β ≤ sup
ξ∈∂B
‖Ju〈ϕ, ξ〉
k‖β,
we have Q1 . Q6. So Q1 + Q3 . Q5 + Q6. The proof is complete. 
From Theorem 2, we immediately get the following corollary.
Corollary 1. Suppose u ∈ H(B) and ϕ is a holomorphic self-map of B. If
uCϕ : H
∞ → B is bounded, then the following statements are equivalent.
(i) uCϕ : H
∞ → B is compact.
(ii)
lim sup
|ϕ(z)|→1
(1 − |z|2)|Ru(z)| = 0 and lim sup
k→∞
sup
ξ∈∂B
‖u〈ϕ, ξ〉k‖β = 0.
(iii)
lim sup
|ϕ(z)|→1
(1−|z|2)|Ru(z)| = 0 and lim sup
|ϕ(z)|→1
(1−|z|2)|u(z)|
√
Hϕ(z)(ϕ′(z)z, ϕ′(z)z) = 0.
(iv)
lim sup
|ϕ(z)|→1
(1 − |z|2)|Ru(z)| = 0 and lim sup
|ϕ(w)|→1
n∑
i=1
‖uCϕφϕ(w),i‖β = 0.
(v)
lim sup
k→∞
sup
ξ∈∂B
‖Iu〈ϕ, ξ〉
k‖β = 0 and lim sup
k→∞
sup
ξ∈∂B
‖Ju〈ϕ, ξ〉
k‖β = 0.
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Remark 2. Suppose u, v ∈ H(B) and ϕ, ψ are holomorphic self-maps of
B. Based on the work of [11], we conjecture that the following statements
hold:
(a) uCϕ − vCψ : H
∞ → B is bounded if and only if
sup
k∈N∪{0}
sup
ξ∈∂B
‖(uCϕ − vCψ)〈z, ξ〉
k‖β < ∞.
(b) Assume that uCϕ : H
∞ → B and vCψ : H
∞ → B are bounded. Then
‖uCϕ − vCψ‖e,H∞→B ≈ lim sup
k→∞
sup
ξ∈∂B
‖(uCϕ − vCψ)〈z, ξ〉
k‖β.
We are not able, at the moment, to prove this conjecture. Hence, we leave
the problem to the readers interested in this research area.
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